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Statically enforcing safe resource management is challenging due to tensions between flexible lifetime dis-
ciplines and expressive sharing patterns. Region-based systems offer lexically scoped regions under a stack
discipline, wherein resources are managed in bulk. In many such systems, however, resources are second-class
and can neither escape their scope nor be freely returned from functions. Ownership and linear type systems,
such as Rust, offer first-class, non-lexical lifetimes with robust static guarantees, but rely on invariants that
limit higher-order patterns and expressive sharing.

In this work, we propose a type system that uniformly treats all heap-allocated resources under diverse
lifetime, granularity, and sharing settings. Our system provides programmers with three allocation modes:
(1) fresh allocation for first-class, non-lexical resources; (2) fresh allocation for second-class resources with
lexically bounded lifetimes; and (3) coallocation that groups resources by shadow arenas for bulk tracking and
deallocation. Regardless of mode, resources are represented uniformly at the type level, supporting generic
abstraction and preserving the higher-order parametric nature of the language.

Obtaining static safety in higher-order languages with flexible sharing is nontrivial. To address this, our
solution builds on reachability types, and our extension adds the capability to track both individual and
grouped resources, enables the expression of cyclic store structures, and allows the selective enforcing of stack
lifetime discipline. These mechanisms are formalized in the A%, and {A}*. type systems, which are proven
type safe and memory safe in Rocq.

1 Introduction

Higher-order functional languages, starting with LISP [McCarthy 1959], typically rely on garbage
collection or reference counting for automatic resource management. Although safe and convenient,
these approaches offer little control over the timing or granularity of deallocation. Such a trade-off
is often acceptable for memory resources, but is a key limitation for system assets like files, sockets,
or large heaps. Languages mitigate this trade-off with explicit APIs like FileReader.close in Java or
scoped constructs like with blocks in Python. Still, these patterns do not ensure safety statically: deal-
located resources may be referenced directly or leaked via global storage, leading to runtime excep-
tions at best and data corruption at worst in use-after-free (UAF) situations. An ideal solution should
combine the convenience of automatic management with explicit control for critical resources,
enforcing static safety like no UAF without restricting common higher-order expressiveness.

Stack and Heap Allocation. To recognize the challenge, recall the classic contrast between stack
and heap allocation. Stack values have strictly lexical lifetimes and are reclaimed automatically
when their scope ends, guaranteeing safety and efficiency, but making them inherently second-class
where they cannot escape their defining scope, be returned, or be stored in a heap structure. In
contrast, heap allocation yields first-class values that can flow freely through higher-order functions,
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Table 1. Comparison of resource tracking/management solutions. Each solution emphasizes a distinct strategy,
while in this work, we try to unify their strengths on control, expressiveness, and flexibility.

Cyclone®  Cyclone® Safe Rust® Reggio? Fte This Work
Features [LIFO] [Dynamic] [Ownership] [Region+OT] [Reachability] [Region+RT]
Stack Lifetime Discipline v v v v v
Mutable, Cyclic Sharing v v v v
First-Class Escaping v v v v v
Higher-Order Functions v v v v

aGrossman et al. [2002] PHicks et al. [2004] °Klabnik and Nichols [2019] 4Arvidsson et al. [2023] €Wei et al. [2024]

{ fmm--n
val fr = new Ref(42) //: Refl[Int]fr fr ar
val ar = new Ref(42) scoped //: Ref[Int]e" f1 al

val fl = new Ref(42) at fr //: Ref[Int]

1

]

a
f1,fr

val al = new Ref(42) at ar //: Ref[Int]3l.ar .. a2
val a2 = new Ref(42) at al //: Ref[Int]@?-2l
} // guaranteed to deallocate {ar,al,a2}

(a) An allocation can take one of three forms: primitive  (b) The two-dimensional layout produced by (a).
(fr), scoped (ar), and coallocation (f1,al,a2). Scoped Two arenas are created; they can be referred to in
arenas (e.g., ar) are deallocated when leaving the scope.  at clauses through existing cells, e.g., fr,ar,al.

Fig. 1. lllustration of the three allocation forms and the corresponding two-dimensional store layout.

either by being captured in closures or shared across structures. However, such flexibility comes
at the cost of timely deallocation by programmer control, while garbage collection or reference
counting eventually reclaim objects, giving up the static safety of stack discipline.

Works such as Osvald et al. [2016], which reintroduce second-class values in higher-order
programs to provide memory safety and scoped lifetime control, have also been shown to be
effective at reducing GC pressure [Xhebraj et al. 2022]. More recent efforts have revived interest
in the area, for example, stoic functions [Liu et al. 2020] and a lambda calculus with second-class
functions and references [Thiemann 2025]. We aim to combine the expressiveness of first-class
heap objects with the static safety of stack allocation.

Regions with Scoped Lifetimes. Region-based systems [Grossman et al. 2002; Tofte et al. 2001]
can be viewed as an attempt to re-introduce these stack-like benefits within heap allocation.
Programmers allocate groups of memory resources together into regions (arenas), and deallocate
an entire region in bulk upon exiting a designated lexical scope, similar to with blocks in Python.
Values can be shared freely within a region, but the region itself is lexically scoped.

Arenas: When Lifetime Liberate. Lexically scoped regions are not the only model for safe resource
management, as individual, non-lexical lifetimes are also beneficial [Fluet and Wang 2004], particu-
larly for patterns like event loops and garbage collectors. Hicks et al. [2004] further recharacterized
regions as LIFO arenas, highlighting that arenas, dynamically growable collections for bulk opera-
tion, can integrate diverse lifetime control strategies to additionally achieve flexibility in lifetimes.
Building on this insight, prior works [Arvidsson et al. 2023; Fluet et al. 2006] formally explored
arenas with linear types [Wadler 1990] and ownership types [Clarke et al. 1998; Noble et al. 1998].
These systems employ flow-sensitive reasoning, which necessitates a first-order setting where the
global invariants effectively make all resources behave as second-class, restricting higher-order ab-
straction. To maintain global invariants, users must explicitly open/enter an arena before accessing
its content, an operation similar to mutable borrows in Rust [Klabnik and Nichols 2019] but at a
higher level, which ensures safe deallocation without enforcing LIFO lifetimes.
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As summarized in Table 1, prior work spans diverse strategies for resource tracking and manage-
ment. This work aims to unify their strengths: the safety of stack discipline, the expressiveness of
higher-order languages, and the treatment of resources as first-class entities.

1.1 Flexible Resource Management in One Coherent System: Bulk and Individual
Granularity, Lexical and Unbounded Lifetimes

Our system treats heap-allocated mutable references as the canonical form of resources. These refer-
ences are first-class values that may be passed, stored, or returned without restriction. Programmers
retain control over resource lifetimes and granularity through three allocation forms:

(1) allocation of a first-class, non-lexical reference;
(2) scoped allocation of a lexically bounded reference following stack discipline; and
(3) coallocation, which groups resources collectively into shadow arenas.

All three forms (Table 2) coexist under a single uniform reference type Ref[T], so the language
does not distinguish resources following stack discipline from first-class resources at the type level.
Built for a higher-order functional setting, our system supports shared mutable state and cyclic
store structures without requiring flow-sensitive reasoning.

We illustrate our resource allocation forms in Figure 1a. The new allocations for fr and ar intro-
duce two distinct references, and implicitly two distinct shadow arenas to host them. Subsequent
coallocations, f1, al, and a2, coallocate additional resources in the same arena of placement clauses
prefixed by at, avoiding the need for explicit handlers. Scoped allocations, annotated with scoped,
tie a reference and its shadow arena to the lexical scope, enabling automatic bulk deallocation
of the entire shadow arena at scope exit. Within their scopes, scoped and non-scoped resources
behave uniformly, preserving the first-class abstraction of references while ensuring predictable
reclamation where selectively desired.

1.2 Type Safety and Safety of Deallocation in a Higher-Order Setting: Mutable Sharing
without Flow-Sensitive Reasoning

In languages with first-class references, higher-order functions, and mutable sharing, statically
preventing errors like UAF is challenging. Our system enforces static safety through two comple-
mentary mechanisms, corresponding to non-lexical and lexical lifetime control.

First-class safety via reachability tracking. We build on reachability types [Bao et al. 2021; Deng
et al. 2025a; Wei et al. 2024] to track first-class resources that persist non-lexically. Each type carries
a qualifier signifying its reachable resources, marking sharing and separation. We propose A%, that
extends prior reachability system F*, [Wei et al. 2024] with shadow arenas, reference coallocation
(new at in Figure 1a), and a two-dimensional store model (visualized in Figure 1b). A%, enables
collective tracking and reasoning of resources within an arena. By grouping resources within an
arena under a coarse-grained reachability relation, A¥. achieves greater expressiveness, supporting
more complicated store topologies (see Section 2.3.3), while preserving the static safety guarantees
as earlier fine-grained approaches.

Selective stack discipline for scoped resources. Programmers may also declare an arena as scoped
(new scoped in Figure 1a), causing it to follow a stack discipline to ensure automatic deallocation at
scope exit. Building atop A%., {A}%. introduces such scoped allocation and statically guarantees
that there is no UAF error at runtime, while maintaining flow-insensitive reasoning. The scoping
control is orthogonal to arenas and generalizable to non-memory resources, yet does not impose
any type distinction between first-class and scoped resources.
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1.3 Contributions

We propose a unified and flexible system for resource management in higher-order languages
with mutable sharing, which combines the strengths of different flavors of resource management.
Specifically, our system is novel in the combination of:

(1) Unified treatment of resources: All memory resources are first-class values with a single
reference type that abstracts over stack-like and heap allocation. This allows client code to be
generic over the particular storage model of references.

(2) Flexibility in control: Users can manage memory resources lexically or non-lexically, individually
or collectively, without introducing type distinctions.

(3) Static safety guarantees: Reachability types track the flow of memory resources and guarantee
their safe use. Users can impose selective stack discipline to guarantee predictable deallocation
and no use-after-free errors through flow-insensitive reasoning.

(4) Expressive higher-order features: Our system supports higher-order functions with mutable
sharing and cyclic store structures, surpassing the expressiveness of prior reachability systems.

To the best of our knowledge, our system is the first to implement the intersection of these properties
in a unified system, without separating first-class and second-class memory resources. It is also
the first work to provide a formal deallocation reasoning in this setting, supporting cyclic store
structures while preserving static safety guarantees among similar systems.

In this work, we propose a new solution for resource management in higher-order languages
with mutable sharing, by integrating shadow arenas and scoped lifetime reasoning atop reachability
types. Our system offers added flexibility in store topologies compared with previous reachability
types, introducing additional scoped or coallocated introduction forms of store objects without
type distinction between forms. Specifically,

o After briefly reviewing reachability types, we informally discuss the telescoping structures and
the store topology in our system with added flexibility (Section 2).

e We informally overview the A% -calculus and the {A}* -calculus, discussing shadow arenas,
coarse-grained reachability tracking, and relaxation of telescoping structures (Section 3).

e We present the formal theory and metatheory of the A* -calculus, a reachability type system
with non-lexical arenas, coarse-grained reachability tracking, and a two-dimensional store
semantics (Section 4).

e We propose the {A}* -calculus atop A% .-calculus with scoped arena allocation and flow-
insensitive deallocation reasoning, and present its formal theory and metatheory (Section 5).

e We present three case studies, on general fixed point combinators (Section 6.1), callback regis-
tration via non-lexical arenas (Section 6.2), and cyclic store structures (Section 6.3).

In Section 7 we reflect on limitations, design choices, and directions for future and parallel work.
Section 8 surveys related work, and Section 9 wraps up the paper. All formal results have been
mechanized in Rocq, available online at https://github.com/tiarkrompf/reachability .

2 Store Topology and Safety Through Reachability

Before introducing the technical details of our system, we briefly introduce reachability types
and discuss how we achieve safety guarantees through reachability tracking. Then we discuss the
store topology and store invariants in our system, including a comparison to Rust and previous
reachability type systems.

2.1 A Review of Reachability Types

Reachability types [Bao et al. 2021; Deng et al. 2025a; Wei et al. 2024] aim to provide static safety
guarantees in higher-order functional programs by tracking aliasing and its absence: separation.
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2.1.1 Tracking Resources. The key idea of reachability types is to track which resources a value
may reach. A type! is annotated with a reachability qualifier? recording the static variables the
term may reach. We mark a reference as fresh with a marker ¢ in its qualifier if the reference has
not yet been bound to a variable. A reference allocation new Ref(7) bound to variable r is typed as,

val r = new Ref(7) // new Ref(7) : Ref[Int]*
r // r : Ref[Int]"

At the runtime, the new Ref expression will evaluate to a fresh location in the store, and qualifiers
additionally track locations in dynamic typing.

// new Ref(7) evaluates to some ¢ in the runtime
¢ // ¢ : Ref[Int]! where o(¢) = 7 in store o

Since the runtime store location of a reference is unknown in the static program, reachability
types conservatively approximate runtime locations in static typing. Variables and locations are
not necessarily in one-to-one correspondence. For instance, in a conditional statement that reaches
references in both branches,

val rx = new Ref(42) // : Ref[Int]™
val ry = new Ref(7) // : Ref[Int]™
if (cond) rx else ry // : Ref[Int]™ ™Y

The static qualifier of the conditional must conservatively include both rx, ry, even though exactly
one location will be produced at runtime. In general, a variable in a reachability qualifier represents
an over-approximation of the set of locations that are actually reached.

2.1.2  Aliases and Closures. Multiple variables can bind to the same value from aliasing.

val r new Ref(7) // : Ref[Int]" 4 [ r : Ref[Int]* ]
val s = r // : Ref[Int]® <: Ref[Int]" 4 [ r : Ref[Int]*, s : Ref[Int]" ]

Reachability types initially assign each variable a minimal qualifier containing only itself. Through
subtyping (Section 4.2), the qualifier of variable s can upcast to its recorded qualifier in the typing
context, which is r, the variable that s aliases.

Higher-order functions introduce closures that may capture resources. A function qualifier
specifies the resources required for the computation.

def f1() = !r // c () = Int)™T 4 [ f1 : (() => Int)" ]
val f2 = {

val x = new Ref(6) // : Ref[Int]*

() =>x /7 (() => Ref[Int]*)*
} /7 : (() => Ref[Int]™?)f?

The function qualifier of f1 in the typing context records the free variables captured by f1. Closure
2 returns a nameless function capturing a locally allocated reference x, which loses its name at
scope exit and degrades to the self-reference of the closest closure f2. Reachability types preserve
tracking of resources escaping their lexical scopes via function self-references.

2.1.3 Separation and Controlled Sharing. With reachability tracked, functions can require the
separation of resources between the argument and the function by the domain qualifier. A freshness
marker 4 in the function domain qualifier requires that the argument is contextually fresh relative to
the function, which ensures separation between computations. Controlled sharing can be specified

!For bindings in snippets, val x = t //: T + T, weillustrate T + x : T unless noted otherwise. I' might be omitted.
“We omit qualifiers for untracked values, including integers and booleans.
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through a function domain qualifier +q, permitting at most the overlap g observable from both the
function and the argument.

val u = new Ref(42) // : Ref[Int]Y

val v = new Ref(41) // : Ref[Int]Y

def f(x : Ref[Int]*Y) = tu + !v // + (Ref[Int]*Y => Int)"V
f(u) /7 0K, {u} n {u,v} < {eu}
f(v) // Error: {v} n {u,v}

The domain qualifier +u of function f permits the argument to share only u with the function, but
not v, achieving the sense of controlled sharing.

2.2 Telescoping Structures

As a common issue in dependent type systems, telescoping structures arise in reachability types
where earlier allocated store objects cannot reach later ones. Such asymmetrical store structures
prevent previous reachability type systems from representing cyclic store structures, including
mutual recursion.

Telescoping structures are reflected in the static typing, as the order of declared variables
approximates the allocation timeline. Consider extending Landin’s Knots to two mutually recursive
references capturing each other,

val cl = ... // & Ref[(Int => Int)dl]cl

val c2 = ... // : Ref[(Int => Int)92]c?

def fl(x : Int) = (!cl)(x) // : (Int => Int)cl, captures cl
def f2(x : Int) = (!'c2)(x) // : (Int => Int)<?, captures c2
c2 := f1 // 0K, g2 can observe cl

cl := f2 // Error: ql cannot observe c2

The first assignment c2 := f1 is type-checked because g2 can include c1, which is in the context
at the declaration of c2. The second assignment c1 := 2 triggers a type error because g1 cannot
include c2, as q1 is determined before c2 is declared.

Telescoping structures forbid all store cycles in previous reachability types, preventing the
encoding of complex data structures such as cyclic linked lists. In our work, the issue is relaxed
through coarse-grained reachability tracking that reasons about separation and sharing at the arena
level. This permits cyclic store structures both within and across arenas, as further illustrated in
the store topology (Section 2.3.3) and static typing (Section 3.3).

2.3 Store Topology

Languages with static safety guarantees typically impose invariants on the shape of the store to
ensure tractable reasoning. These invariants define which forms of sharing, mutation, and lifetime
behaviors are possible in permitted programs. Comparing the topological restrictions across systems
sheds light on the design trade-offs underlying their safety models.

We begin by reviewing Rust as a well-known instance of ownership types, then discuss the prior
work on reachability types, and finally introduce the store topology of our work.

2.3.1 Store Topology in Rust. Rust’s memory model enforces strict, statically checked ownership,
where each heap-allocated object has exactly one unique owner. These ownership relationships
induce a tree-shaped object graph (Figure 2a), where each object has at most one inbound edge
from its owner. In the store topology, each ownership edge grants exclusive control to read, write,
and deallocate the corresponding object.

Rust also supports borrowed references (B& or &mut) that grant temporary access without trans-
ferring ownership. Borrows neither extend the owner’s lifetime nor alter the ownership hierarchy.
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Root
Q

~

Time

(a) The store topology in Rust is a tree structure
without telescoping over time. The directed edges
represent ownership of the inbound location where
each location is uniquely owned by its parent.
Later allocated locations can be owned by ear-

1f-loop
Q:) se

shared

O O

~

Time

(b) The store topology of reachability types is a di-
rected acyclic graph with self-loops. The directed
edges represent reachability from the outbound
location to the inbound one. Shared reachability
of a location is allowed. Telescoping ensures that

lier allocated locations, but shared ownership is | no location can reach later allocated locations.

not permitted.

Fig. 2. The comparison of store topology between Rust [Klabnik and Nichols 2019] (left) and reach-
ability type [Deng et al. 2025a] (right). Circular nodes in purple represent store locations. Directed
edges represent the references from one location to another, ruled by either ownership or reachability,
respectively. The timeline indicates the order of allocation in the program flow.

The borrow checker statically ensures that all borrows are strictly bounded by the lifetime of the
original owner, and cannot outlive the owner to cause use-after-free or dangling reference errors.
Deallocation of an object is triggered automatically when the unique owner goes out of scope,
with all associated borrows guaranteed to have ended beforehand. This tree-shaped discipline yields
predictable, statically enforced deallocation, but restricts flexible sharing and cyclic structures.

2.3.2  Store Topology in Reachability Types. The store topology in reachability types is more
permissive than Rust’s, as objects may have multiple inbound edges enabling shared access, as shown
in Figure 2b. However, reachability types have their own limitation that telescoping structures
(Section 2.2) prevent cyclic store structures.

While reachability types enable static reasoning about separation and aliasing, they do not provide
an integrated treatment of deallocation. Existing systems assume that unreachable resources are
eventually reclaimed by garbage collection. As potential extensions, prior work [Bao et al. 2021;
Wei et al. 2024] has informally proposed, but not implemented, flow-sensitive effect systems to
reason about safe deallocation.

2.3.3 Topology in Our Work. As shown in Figure 3a, our system generalizes the topologies by
supporting cross-arena sharing and allowing arbitrary internal structures within each arena. Unlike
earlier reachability systems that track dependencies at the granularity of individual references, we
employ a coarse-grained (Section 3.2) model that tracks reachability collectively at the arena level.

All objects in the same arena share a common reachability identity, which eliminates telescoping
constraints and enables arbitrary intra-arena object graphs and cyclic structures across arenas
(Figure 3b). This relaxation preserves reasoning about separation and safety while substantially
expanding expressiveness.

Our system further introduces sound, bulk, and guaranteed deallocation through scoped alloca-
tion. Unlike Rust, which statically enforces that no reference outlives its owner, our system permits
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~

Time

(a) The store topology of this work. Internal reach-
ability (teal) is unrestricted within arenas and al-
lows arbitrary structures. Cross-arena reachabil-
ity (black) can be forward in time to subsequently
coallocated locations, supporting cross-arena cy-

val a = new Ref(...)
// : Top?
val b = new Ref(a)
// : Ref[Top?]®
val ¢ = new Ref(b) at a
// : Ref[TopPl¢ <: Top?
b :=c

N O G W =

(b) The code illustrates a cross-arena cycle be-
tween nodes b and c (left). Type details are elimi-
nated via a top type. Reference b to a collectively
reaches all locations in a, which allows c, the ref-
erence to b, to be assigned to b, forming a cross-

cles. arena cycle.

Fig. 3. The store topology of this work (left) and illustration of cross-arena cycles (right). Arenas are
marked as boxes containing multiple store locations filled with light . Internal reachability is
marked in teal. Telescoping structures and exclusivity are relaxed in our work.

references to deallocated objects to persist. Inbound edges to deallocated arenas are not cut off
in the store topology, permitting references to retain reachability to objects that are no longer
alive. Static typing ensures that dereferencing these references cannot access deallocated resources,
thereby maintaining memory safety under flexible lifetime control.

3 Informal Overview

This section informally introduces the A% -calculus, which features non-lexical arenas (Section 3.1),
and the {A}?* -calculus, which extends A*. with scoped resource management and deallocation
reasoning (Section 3.4).

3.1 Arenas: Shadow and Non-Lexical

Starting from A%, we focus on non-lexical shadow arenas and coarse-grained reachability tracking.

3.1.1 Shadow Arenas. We introduce the notion of shadow arenas, describing that arenas in our
system have no explicit names or constructors. Instead, they are implicitly identified through
references in the surface syntax. Arenas are thus not real citizens in our language, but rather as
abstract collections of references. A dummy reference can serve as a sufficient proxy to be passed
around explicitly when only the arena is required, such as for coallocation.

A new reference allocation (new Ref) implicitly establishes a fresh shadow arena containing only
that reference. Subsequent coallocations of form (new Ref(..) at r) place new references in the
same shadow arena as the one of the proxy reference r, even though the shadow arena itself is
never explicitly named.

As summarized in Table 2, multiple allocation forms interact differently with the shadow arenas,
yet the references allocated have a unified reference type. The different outermost reachability
qualifiers implicitly encode the behavioral differences between fresh allocation and coallocation.

val a0 = new Ref(7) // : Ref[Int]?® 4 [ a@ : Ref[Int]* 1]

// fresh arena containing {a0}

val al = new Ref(8) at a0 // : Ref[Int]®! 4 [ al : Ref[Int]?®, a® : Ref[Int]* ]
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Table 2. Comparison of different reference allocation forms in our system, and how they interact with arenas
and lifetime control. Only a qualifier but no type distinction exists among the three introduction forms.

Form Syntax Formal Ref Type  Arena Lifetime

(fresh) allocation  new Ref(t) ref t Ref[T]* fresh non-lexical
coallocation new Ref(t) at r ref t atr Ref[T]" sameasr sameasr
scoped allocation new Ref(t) scoped reftas_inb Ref[T]* fresh lexical in b

// arena containing {al,a0}
val a2 = new Ref(9) at al // : Ref[Int]?? <: Ref[Int]®! <: Ref[Int]?®
// arena containing {a2,al,a0}

The fresh allocation of a0 declares a fresh arena of a single reference cell, and thus the reference
a0 is marked fresh in the typing context. Coallocating al at a0 yields a reference that inherits the
reachability qualifier of its proxy reference a0, since both of them will reside in the same shadow
arena. Hence, a0 and al are equivalent identifiers for that arena; coallocating a2 at either reduces to
the same location at the runtime.

3.2 Coarse-grained Reachability Tracking

3.2.1  Two-Dimensional Stores and Bulk Reasoning. Recap that in the previous reachability systems,
a dynamic store location ¢ evaluated from a reference can be qualified with ¢ itself, yielding location
individuality that qualifiers of all store locations are strictly disjoint from each other. Thus, the
one-dimensional store model is unsuitable for collective storage or bulk reasoning.

We generalize the store model to two-dimensional, indexing each reference by both its arena
location and an intra-arena offset, denoted conventionally as (¢, 0). Reachability is tracked coarsely
at the arena level (through the location ¢).

val a@ = new Ref(7) // reduce to (f,01) : Ref[Int]! for some fresh ¢, o;
val al = new Ref(8) at a0 // reduce to (f,0,) : Ref[Int]’ for some fresh o,
val a2 = new Ref(9) at al // reduce to (f,03) : Ref[Int]’ for some fresh os

Although the indexes of reduced reference cells differ in their offsets, they share the same reacha-
bility ¢, as they are collectively located in the same arena, allowing bulk reasoning.

3.2.2  Connecting Static and Dynamic Typing. The static typing rule, which assigns a coallocated
reference the same qualifier as its proxy reference (prefixed by at), reflects the coarse-grained view.
Consider a partially reduced program segment,

// after reducing a® to (f,0;) : Ref[Int]¢

val al = new Ref(8) at (f,0;) // : Ref[Int]?! 4 [ al : Ref[Int]! ]

al // : Ref[Int]’ through subtyping

Statically, coallocated references are treated as aliases of their proxy references, since they reduce
to cells in the same arena, while static typing of a reference approximates the entire arena coarsely.
Such dependency in reachability yields two key features of shadow arenas: (1) any reference can
serve as a proxy for its arena; and (2) reasoning about a reference implicitly applies to all objects
within its arena.

3.2.3 Escaping of Non-lexical Arenas. A notable advantage of shadow arenas is to disentangle
the reasoning about escaping references from reasoning about their arenas. References can safely
outlive the lexical scope in which they are allocated, without requiring arenas to be passed or
named explicitly. When captured by closures, both references and arenas become non-lexical, yet
the type system should preserve their tracking for safety.
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1 def cl() = { 1 val c2 = {

2 val a = new Ref(()) 2 val b = new Ref(())

3 new Ref(7) at a 3 () => { new Ref(8) at b }
4 } // : (Unit => Ref[Int]*) 4 Y} // : (Unit => Ref[Int]¢?)
5 «¢l() // : Ref[Int]* 5 ¢c2() // : Ref[Int]¢?

Fig. 4. Comparison between escaping of a reference in a fresh arena (left) and an existing arena (right).

To illustrate the challenges of typing non-lexical arenas, consider the example of two closures
wrapping different coallocation patterns as shown in Figure 4. Each invocation of c1 allocates a
fresh arena, while the closure c2 captures an existing arena. The type system must distinguish the
two patterns. In our design, the reachability qualifier of a coallocated reference inherits that of its
proxy (reflecting the entire arena); reasoning about escaping coallocated references reduces to the
standard reachability reasoning about escaping references (Section 2.1).

3.3 Relaxation of Telescoping Structures

Coarse-grained reachability tracking also relaxes the telescoping structures in prior reachability
systems, permitting multi-hop cycles through the store. The coarse-grained reachability allows
tracking future resources not yet coallocated in an arena without enlarging the reachability qualifier,
as the entire arena shares the same reachability.

We illustrate the relaxation by showcasing the mutually recursive example, which is not allowed
in previous reachability type systems, as discussed in Section 2.2.

val a = new Ref(()) // : Ref[Unit]?

val c1 = ... at a // : Ref[(Int => Int)?]¢! <: Ref[(Int => Int)?]®
val c2 = ... at a // :+ Ref[(Int => Int)2]%? <: Ref[(Int => Int)?]°
cl := (x : Int) => ('cl)(x) // OK. RHS : (Int => Int)<! <: (Int => Int)2

c2 := (x : Int) => ('c2)(x) // OK.

By coallocating c1 and c2 in the same arena a, they can reach each other via the reachability to the
entire arena. More generally, arenas support arbitrary internal store structures, including self-loops
and cyclic store structures. Our system supports sound reasoning about such cyclic structures as a
whole, such as separation and safe deallocation (Section 6.3).

Using the same function capturing techniques, cross-arena multi-hop cycles can also be encoded,
as illustrated in Figure 3b.

3.4 Scopes: Bulk and Guaranteed Deallocation

While reachability types reason about aliasing and separation, they provide no mechanism for
user-controlled, timely resource reclamation. The {A}* -calculus extends A%, with scoped resource
management, supporting automatic and bulk deallocation tied to lexical scopes. Importantly, these
deallocation guarantees are lightweight: they require no explicit effect tracking and are enforced
solely upon the surface-level scoped annotation.

3.4.1 Guaranteed Deallocation. To regain user control of lifetime, we extend the A¥ -calculus with
scoped allocation, whose lifetimes are bounded by their lexical blocks.

{
val a = new Ref(()) scoped // : Ref[Unit]?
'a // : Unit
} // {a} is deallocated
The scoped annotation marks the reference a and subsequent references coallocated at a for automatic
deallocation at the end of the block. Specifically, as summarized in Table 2, scoped allocation
produces references having no type distinction from those created by fresh allocation, behaving no
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Syntax At
X, Y2 € Var Variables
f.g.h € Var Function Variables
X € Var Type Variables
t n= clx|Af(x)t|tt|reft]| reftatt |!t|t=t
| Af(X¥).t ]t [Q] Terms
p.qr, W € Prin(Var & {#}) Reachability Qualifiers
S, T,U,V n= B| f(x:Q) - Q| Ref [Q]
| Top | V(X* <: Q).0 Types
O,P,Q,R = T4 Qualified Types
® € Prin(Var) Observations
r n= 2|Tx:Q|T,X*<:Q Typing Environments
Qualifier Notations
pq:=pUgq x = {x} ¢ :={¢} +q:={¢}Uq
Fig. 5. The syntax of A%.. Extensions from Wei et al. [2024] and Deng et al. [2025a] are shaded .

differently within their scope. The type system ensures that such references cannot escape their
defined scopes, preserving memory safety and predictable reclamation.

3.4.2 Bulk Deallocation. When a scoped reference is deallocated, all resources coallocated within
its arena are released together.

val sc2 = {

val a = new Ref(()) scoped // : Ref[Unit]?

val u = new Ref(42) at a // : Ref[Int]Y

val v = new Ref(!u) // : Ref[Int]V

new Ref(v) // : Ref[Ref[Int]V]*
} // {a,u} are deallocated
Isc2 // OK

To ensure static safety, the type system prohibits scoped references in either the type or the qualifier
of the scope return, thereby preventing any resource in the scoped arena from leaking.

Scopes may nest to form a stack discipline that mirrors classic region-based resource management
schemes. At the meta level, the extent of each scope can be derived from the placement of scoped
references, including those in function calls, and we sketch such a translation in Section 5.2.

4 A? -Calculus: Arena-Based Reachability Tracking

We present the A -calculus, an extension of the F* -calculus [Wei et al. 2024] with shadow arenas,
coarse-grained reachability tracking, and two-dimensional store semantics. In this section, we
primarily focus on the static typing, the call-by-value operational semantics, and the store model.
Dynamic typing is deferred to Section 5.

4.1 Syntax

Figure 5 defines the formal syntax of A?.. It follows the conventions of F¥, [Wei et al. 2024] for
continuity. Extensions related to shadow arenas are specifically marked to highlight.
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Qualifier Substitution qlp/x] || qlp/+]

qlp/xl =q\{x}Up xe€gq qlp/xl =q x¢q

qlp/¢l=qUp *€q qlp/el=q +éq
Transitive Closure and Overlap
Transitive Closure T+ ¢°:=gq Th g™ = ((Useqg {y | x: T4 eTHu 9"

Qualifier Overlap T+ pmq:=+(p'TI n ¢/

Fig. 6. Computable transitive closure and overlap of qualifiers in A%..

Terms include value constants, variables, A-abstractions, applications, reference operations, and
System F.. type abstractions and instantiations. Function and type abstractions are explicitly
annotated with their self-references to allow their bodies to observe their own reachability.

In addition to standard reference allocation, we introduce coallocation of form ref t; at t, (sur-
face syntax new Ref(tl) at t2), which allocates a reference within the arena hosting t,. Reference
operations are uniform across allocation forms, including the scoped allocation form later.

Qualified types T 7 are types annotated with reachability qualifiers g, which are finite sets of
variables (and later, store locations), and optionally with a freshness marker 4. We use ¢ to denote
an observation filter, a special qualifier specifying the upper bound of resources visible to the typing
judgment. T' denotes the typing context, and later ¥ denotes the store typing.

The F..-style quantification X* <: Q introduces a type variable X and a qualifier variable x that
can be used separately. The syntax is an abbreviation for simplicity since types and qualifiers are
often quantified together, i.e, V(X <: T).V(x <: q).0 = V(X* <: T9).Q.

Figure 6 defines qualifier substitution, transitive closure, and overlap. Transitive closure computes
the maximal qualifier reachable from variables in the original qualifier by recursively unfolding
variables to the associated qualifiers in I'. Because qualifiers are assigned minimally for variables,
two syntactically disjoint qualifiers may nevertheless refer to shared store locations via aliasing.
Qualifier overlap is therefore defined over transitive closures rather than set intersection.

4.2 Static Typing and Subtyping

Figure 7 and Figure 8 present the declarative typing and subtyping rules of A%.. All references
share a single reference type, independent of their allocation form. Unlike Deng et al. [2025a],
who introduce specialized cyclic reference types with constraints, our system retains full deep
dependencies of arguments while supporting cycles, which will be discussed in Section 6.1. Shadow
arenas do not show up in static typing, simplifying the surface syntax. In the absence of coallocation
(T-REFAT) , A¥, collapses to the declarative typing system of Wei et al. [2024], since coarse-grained
reachability tracking degenerates to fine-grained tracking over arenas of size one.

Subtyping. Subtyping is defined over qualifiers (Q-), types (s-), and qualified types (sQ-suB). Type-
level subtyping rules resemble those of System F.. and concern qualified types. Qualifier subtyping
includes context-independent rules (Q-suB) and (Q-coNG) that structurally enlarge qualifiers, and
context-dependent rules (Q-vAR) and (Q-SELF). Variables may unfold to their recorded qualifiers
(o-vAR), and function self-references may additionally fold their captured resources (Q-SELF).

Term Typing. Term typing judgments are regulated by an observation filter ¢, which bounds
maximal observable resources during typing. The variable typing rule (T-var) assigns the variable
itself as the minimal qualifier. Function abstraction (T-ABs) types the body under its function
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c€EB x:T1eT xe€g¢ T?rFt:Q TFHO<T?T qgCop
—— (1-cST —————— (T-VAR) (T-sUB)
I'?+c:B? Y v x:T* r* vt:T1
l""’ F tl : Tq ¢ e q
® . T4
T v+t:T qu‘ (T-REF) T? F t,: Ref [U]? ( )
® . q T-REFAT
¢ reft: (Ref [T9]) T+ reft; at fy : (Ref [T9])7
I'? + t:Ref [TP]1 T? + t;:Ref [TP]Y
*ép  pCo T+ t:TP egp
(T-DEREF) (T-ASSGN)
T p1t:TP I'? k t; =ty : Unit?
(T, f:F,x:P)¢f r t:Q (T, f:F,X*<:P)¢/ rt:Q
F=(f(x:P) - Q)1 qCe¢ F=(Nf(X*<:P).Q)1? qCe¢
(T-ABS) (T-TABS)
T¢ r Af(x).t:F T v Af(X*).t:F
T? +t:(f(x:TP) - Q)1 T?+t:(Vf(X*¥<:TP).Q)?
T? ¢ ty:TP ¢ép fetv(U) pCo ¢ép fetv(U)
Q=U" rCepx, f o=U0" rCep,x, f
(T-APP) (T-TAPP)
I+ ity Qp/x.q/f] I'? v t[TP]: Q[T?/X7, q/f]
T? kb (f(x: TP — Q)7 Tkt (VXY < TP*).0)7
I’ v t:TP ¢ep=>x¢fvl) pCo scp>x¢tv(U)
Q=U" rCoep,x, f fetv(U) Q=U" rcoep,x, f fetv(U)
T-APP*) (T-TAPP®)
I' v 1 tp:Qlp/x.q/f] I v o[TP]: Q[TP/X*,q/f]
Fig. 7. Typing rules of A%.. Extensions from Wei et al. [2024] and Deng et al. [2025a] are shaded .

qualifier, argument, and self-reference as the observation filter, ensuring all the resources required
for function computation are captured in the function qualifier.

Application is divided into two cases: precise application (T-app) and growing application (T-
app*). Precise application requires the argument qualifier to be fully contained in the function’s
domain qualifier. Growing application, with a freshness marker ¢ in the function domain qualifier,
permits the argument to reach contextually fresh resources beyond the function qualifier. The
function domain qualifier in the growing application is overridden into the upper bound of controlled
sharing, requiring that the overlap between the function qualifier and the argument qualifier (p @ q)
lies within that bound. Our application adheres to the same constraints in Wei et al. [2024].

The function codomain may depend on function and argument qualifiers by allowing the deep oc-
currences of the bound variables f and x in the return type and qualifier, which supports lightweight
reachability polymorphism [Wei et al. 2024]. F..-style polymorphism is encoded by leveraging
the reachability polymorphism. The universal instantiation is treated as application to a phantom
argument serving as the type witness, so that rules (T-TABS), (T-TAPP), and (T-TAPP*) are structurally
similar to function abstraction and applications.

Reference Typing. As references introduced in different forms share a single reference type,
reference assignment (T-AssGN) and dereferencing (T-DEREF) are generic. Fresh allocation (T-REF)
introduces a new reference marked fresh, corresponding to standard allocation in Wei et al. [2024].
The referent qualifier must be non-fresh to retain sound reachability tracking; otherwise, the same
fresh referent could be bound to multiple non-aliasing variables, leading to unsoundness:
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Subtyping ‘FI—Q<:QHFI—T<:THF!—q<:q‘
F'eS<T I'p<:q
(sQ-suB)
ISP <:TY
TrFT<:S rrS<U I'rp<:iq F'rtg<:r
——— (S-REFL) (S-TRANS) (Q-TRANS)
reT<T r-T<:U F'rp<ir
p € qC edom(T)
_ (s-Top) _ (Q-suB)
I' T <:Top I'+p<:gq
X*<:T9€T T'Faqi<:iq
_ (s-TVAR) _ (@-cong)
' X<:T T'rpq<ipq
r-S<T re+T<:S q € dom(T) f:T?eTl ¢¢q
(S-REF) (Q-SELF)
I+ Ref S7 <: Ref T I'tgf<f
''rP<:O
I,f:(f(x:0)>Q)*,x:P+ Q<R x:T?7€Tl +¢q
(s-FUN) (Q-vAR)
It f(x:0) > Q<:f(x:P) >R 't x<:q
I'rP<:O
T,f:(Vf(X*<:0).0)*,x:X*<:P+ Q<:R X*<:T1e¢l ¢¢q
(s-ALL) (Q-QvAR)
I VA(X*<:0).0 <:Vf(X* <:P).R I' x<:q
Fig. 8. Subtyping rules of A%..
val r = new Ref(new Ref(42)) // : Ref[Ref[Int]*]"
val vl = Ir // i Ref[Int]V!
val v2 = Ir // : Ref[Int]¥2
free(vl); use(v2) // Type check but actually use-after-free!

While the inner qualifier represents the referent reachability, the outer qualifier tracks only the
immediate reference reachability, as shallow reference tracking [Deng et al. 2025a].

The freshness marker ¢ in the outer qualifier (T-REF) conceptually represents a fresh shadow
arena with the fresh allocation. Subsequent coallocation (T-REFAT) places a new reference into
an existing arena by assigning it the same outer qualifier as the proxy reference in the at clause,
as discussed in Section 3.2. The proxy reference itself may be fresh, e.g., new Ref(42) at new Ref(7)
safely identifies an unnamed arena, since the proxy becomes unreachable afterwards.

4.3 Dynamic Semantics and Two-Dimensional Stores

The A% -calculus generalizes the small-step call-by-value semantics of F*, to a two-dimensional
store supporting arena-based memory management. Figure 9 summarizes the operational semantics.

4.3.1 Two-Dimensional Stores. As illustrated in Figure 1b, our two-dimensional store follows the
traditional arena-based layouts, mapping from store indexes, pairs of locations and offsets (¢, 0),
to reference cells. An arena at location ¢ conceptually describes the collection of reference cells
sharing the same location ¢ and differing only in offsets. The layout is described as two-dimensional
to emphasize that references are grouped by arenas, while no separation or hierarchy constraints
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Term Typin [T]2]?+rt:0Q
yping

t € Loc o € Offset Su=0g|3, (Lo) : Q dom(2) := {(¢£,0) | (£,0) € =}
p,q 1 € Prin(Var W Loc W {4}) @ C Phin(Var ¥ Loc) dom¢(X) :={¢t| (£,0) € 3}

3(6,0)=T9 gqCdomt(2) fv(T)=@ fv(T)=0 ftecyp

(T-L0C)
[T |Z]¢ + (£ 0) : Ref [TY]?
Well-Formed and Well-Typed Stores ’ > ok H [TI2]?+F o
[TIZ]?° F o = ¢ Cdoml(o) C doml(Z)AVY, o, £ € ¢, (£,0) € dom(Z), [T |Z]? + o(¢,0) : Z(£,0)

Yok fv(T)=@ ftv(T)=0 qCdomf(X) o>0=¢¢cdoml(Z)

@ ok %, (£,0) : T7 ok
Reduction Contexts, Values, Terms, Stores
Cu=0|Ct|oC|refC| reftatC | refCato |!IC|C:=t|v:=C|C[Q]
v == Af(x).t]c| (£&0) |unit| Af(X¥).t tu=---| (¢£0) cu:=0@| o, (£,0) —o
Reduction Rules
ClAf).Dv]lo — Cltlo/x, (Af(x).0)/f1] | o )
Clrefo]|o — C[ (£0) || (o, (£,0) — 0) (¢,0) ¢ dom(o) (REF)
Cl refoat (£,0) | |o — C[ (£0) || (0, (£,0") — 0) (¢,0") ¢ dom(o) ( REFAT)
ClW(t,0)]|oc — Clo((t,0)] | o (¢,0) € dom(o) (DEREF)
Cl(t,0):=v]|]| o — Clunit] | o[(£0) — v] (¢,0) € dom(o) (assiGN)
CLAfXM).) Q1 o = CLLHQ/X™, (Af(X*).)/f]] ] o (Br)

Fig. 9. Store typings and call-by-value reduction of A% (Section 4). Extensions from Wei et al. [2024]
and Deng et al. [2025a] are shaded .

are imposed across arenas. References may freely reach other arenas regardless of allocation order,
in contrast to traditional region-based systems with explicit regions (Section 2.3.3).

4.3.2  Reduction. The A% -calculus generalizes the call-by-value reduction of F¥, to populate the
two-dimensional store. Fresh allocation and coallocation extend the two-dimensional store in
either rows or columns, respectively. Reducing a coallocation, ref t; at i, first evaluates the proxy
reference 1, to a concrete store index, and the new reference cell is then placed at a fresh offset
within that location after the evaluation of t;. We omit the dynamic typing, as a subset of Figure 12.

Once reduced to a precise store index, a reference is tracked solely by its location ¢, equivalently
the arena location. Thus, during reduction, the freshness marker ¢ in the qualifier is substituted
with its location ¢, which is reflected in the preservation theorem.

4.4 Metatheory
We state the key soundness theorems of A?.. Proof details are omitted as A* -calculus is a strict

subset of the {A}* -calculus (Section 5.5).

THEOREM 4.1 (PROGRESS). If [@ | 2]? F t: Q and ¥ ok, then eithert is a value, or for any store o
where [@ | 2] + o, there exists a term t’ and a store ¢’ such thatt |oc — t' | o’.
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Term Syntax, Reduction Contexts {A}

t u=---|reftasxint| local £in ¢t Cu=---|refCasxint|local £inC

Reduction Rules tlo—ot|o

Clrefvasxint||oc — Cllocal £int[(£,0)/x]] | (o,(£,0) —0v) (£0) ¢ dom(c) (WITH)
Cllocal tinv]| | o — Clo]| | a[(£ %) — None] (cLOSE)

Static Term Typing

T?+t:TP (T, x:Ref [TP]")?* + £,: Q0 o¢p x¢fv(Q)

- (T-REFIN)
T'? Freftyasxint; : Q

Fig. 10. Extensions of {A}%. on A% in syntax, static typing, and reduction. The term local ¢ in ¢

(' marked in violet ) is hidden from the surface syntax.

THEOREM 4.2 (PRESERVATION). If [@ | 2]? + t : T9 and [@ | 2] + o, and 2 ok, and
t|o—t' | o, then there exists®' 2 %,¢" 2 ¢ Up, and p 2 dome (3’ /%) such that [@ | ¥']¢ + o
and [@ | ¥']¢ r /. TP/*],

These theorems have been mechanized in Rocq.

5 {A}?-Calculus: Scoped Resource Management

This section presents the {A}* -calculus, which extends the A* -calculus with scoped resource man-
agement and deallocation reasoning. Since our deallocation reasoning requires no type distinctions
or surface level annotations, most static typing rules remain unchanged from A* -calculus. Content
specific to dynamic typing is highlighted in violet , while removing these dynamic constraints
yields the corresponding static system.

5.1 Language Extensions on A%

Figure 10 summarizes the language extensions from A* -calculus to {A}*.-calculus. The term syntax
is extended with the static scope introduction form, ref t; as x in t;, and its dynamic elimination
form, local ¢ in t. The introduction form declares a scoped reference of t; whose lifetime is lexically
bound with x in t;, while the elimination form is internal and not part of the surface syntax.

Static Typing. The static typing rule (T-REFIN) combines aspects of fresh reference allocation,
function abstraction, and application. Intuitively, the introduction form ref #; as x in t, types the
body t; in a context extended with a freshly allocated reference x for t;, analogous to introducing a
reference via let-binding. The rule follows the idea of scoped acquisition and release discipline, that
resources are acquired at scope entry and released at scope exit. The non-escaping requirement,
x ¢ tv(Q), is encoded as deep disjointedness between the scoped reference x and the qualified type
Q of the scope return t,, which ensures no downstream dependencies on x.

Reduction. Reduction of a scope proceeds in two phases. First, after the resource #; reduces to
a value, a fresh reference (and its underlying arena) is allocated at (¢, 0) for a fresh ¢, mirroring
fresh allocation. The scope introduction form then reduces to its elimination form local ¢ in t,
where occurrences of the bound variable x in t, are substituted with the concrete store index (¢, 0).
Subsequently, #; is evaluated within the elimination form, and once t; reduces to a value v, the
elimination form deallocates the entire arena at £ and unpacks v, thereby closing the scope.
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Selected Syntax Translation [ts] = A2 1.

[ new Ref(t)scoped]] = AR.[t] (A.ref ¢’ as x in £[x]) x is fresh
[def f(x)= t] = A& A[Af(x).[t] AF.1)]
[ti(t2) ] = AR [t1] (At . [t2] (A £[t) &']))
[x] = A%. 2[x]

Fig. 11. The selected syntax translation from the surface syntax to the core syntax of {A}%..

5.2 Surface Syntax Translation

Careful readers may notice that the surface syntax of scope introduction (Figure 1a) does not strictly
match the core syntax in the formal calculus. In particular, scoped allocation (marked with scoped)
may appear mid-block, whereas the core calculus expects it at block start. This discrepancy can be
resolved by a translation to align the lifetime of scoped references with blocks. Namely, a scoped
reference declared within a block is translated so that its lifetime extends to the block end.

A subtle case arises when scoped allocation appears as a function argument, e.g., f(new Ref(t)

scoped). Here, the scoped reference must outlive argument evaluation and potentially align with
the lifetime of the function return. We handle this by a meta-level translation that lifts the allocation
outward and binds it earlier.

Figure 11 sketches the translation from surface syntax (in dark cyan) to the core syntax in the for-
mal calculus (in magenta). The sketch follows the notation convention of Danvy and Filinski [1990],
where an abstract continuation £ is a context-dependent meta-level function passed throughout
the translation. To initiate a translation, we apply [[#;] on an identity continuation Ax.x.

We showcase translation from the example surface syntax f(new Ref(v) scoped) to core calculus:
[ f(new Ref(t) scoped) | (Ax.x)

AR [ ] (Af'.[ new Ref(t) scoped | (Ar'. £[f’ r'])) (Ax.x) application

= (A2.2[f]) (Af’.[ new Ref(t) scoped || (Ar’. " 1)) variable f
= (AR.[t] (A .ref t" as x in Z[x])) (AF'. f 1) scoped reference
= (A#.A[t]) (A .ref t' as x in f x) variable t

ref tasxin f x
After translation, the function f is applied to the scoped binding x within the scope. Other
translation rules can be defined straightforwardly and omitted.

5.3 Flow-Insensitive Deallocation Reasoning

The design principle of {A}* -calculus is to introduce lexical scopes following stack discipline
without requiring additional surface annotations or type distinctions. Rather than relying on
explicit use-and-kill effects, the calculus reasons about safe deallocation through complementary
forms of observation filters and dynamic tracking of locations to be reclaimed. The flow-insensitive
deallocation reasoning is established by dynamic typing and preserved under reduction without
being exposed at the static level. We start from discussing why static non-escaping is sufficient for
deallocation safety, and then illustrate how the property is preserved dynamically.

5.3.1 Non-Escaping in Static Typing. The typing rule (T-REFIN) enforces that the scoped variable x
does not occur in the type or qualifier of the scope return ¢;. This ensures that x is disjoint from
downstream computation, since any transitive reachability to x via store lookup would induce a
deep occurrence of x in the type:

val x = new Ref(..) scoped // : Ref[T1X 4 [ x : Ref[T]* 1, scope body starts

val rl = x // : Ref[T]™ <: Ref[T]*, cannot return rl
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val r2 = new Ref(x) // : Ref[Ref[T1¥]", cannot return r2
val r3 = new Ref(x) // Topr3, OK to return
val r4 = new Ref(!x) // : Ref[T]™, OK to return

Because the scope return must be typed without observing x, internal aliases or references such
as rl1 and r2 are rejected. By contrast, r3 is permitted after being upcasted to Top, which prevents
dereferencing and thus guarantees that x is unreachable. Our system guarantees the reclamation of
x itself, but not of its referent, so returning a disjoint reference such as r4 is allowed.

5.3.2  Non-Trivial Gaps in Dynamics. While the non-escaping property prevents scoped references
from escaping their scope, it does not prevent reintroduction of reachability to reclaimed resources
during later evaluation. Statically, reintroduction is impossible because the variable binding x is
only appended to I' when typing the body t, and not observable otherwise. Dynamically, however,
store locations of scoped references can be accessed directly (T-Loc), bypassing the T' context.
Recall the preservation theorem (Theorem 4.2) inherited from prior reachability type systems
[Deng et al. 2025a; Wei et al. 2024]: the observation filter ¢ monotonically grows to ¢ U p where
p contains fresh store locations from the reduction. As a result, a reclaimed location could be
reintroduced through subsumption (T-suB) or growing application (T-app*), unless it is explicitly
removed from observation ¢. This evidently illustrates the central challenge of deallocation safety.

5.3.3 Observation Filters. To prevent reintroduction of reclaimed locations, deallocated locations
must be excluded from the observation filter ¢. This entails the invariant that ¢ remains disjoint
from all scoped locations outside their lexical scopes. Accordingly, for a scoped elimination form
local £ in t;: (1) ¢ is added to ¢ when the elimination form is introduced; (2) £ remains observable
during the evaluation of t,; and (3) ¢ is removed from ¢ when the evaluation finishes.

However, shrinking the observation filter ¢ cannot be arbitrary, as strengthening the typing
judgment with fewer observable resources is not generally admissible; thatis, [T | 2]? v t: T =
[T | 2]\ F t: T. To address this, observation filters are shrunk only when a scope elimination
form reduces to its value (Section 5.3.4), and the dynamic typing ensures that such shrinking does
not affect typing outside that scope (Section 5.3.5). This is achieved via a combination of local
locations and well-formed stepping (Figure 14), as well as dynamic typing rules (Figure 12).

5.3.4 Strengthening with Value Witnesses. In reachability types, the qualifier of a value characterizes
the minimal resources required to type it. For example, the body of a function abstraction (T-ABS) is
typed with observation limited to the function qualifier g instead of ¢. Formally, qualifiers assigned
to well-typed values provide lower bounds for observation in typing.

LEMMA 5.1 (VALUE OBSERVABILITY). If [T | X]? F 0 :T9, then [T | 2]9 + v:T1.
With a value witness, we can shrink the observation filter down to any ¢’ that contains gq.
LEMMA 5.2 (VALUE RETYPING). If[T | 2]? + 0:T9 andt ¢ q, then [T | 2]?\ + v : TY.

This lemma justifies removing a scoped location from ¢ at scope exit. Once ¢, reduces to a value
v, the premise £ ¢ g required by the typing rule (T-LocIN) allows ¢ to be safely eliminated from the
observation filter without affecting the typing of v.

5.3.5 Local Locations in Dynamic Typing. The final challenge is to ensure that scoped allocation
and deallocation within one subterm do not affect unrelated subterms, up to typing. Consider an
application concerning scopes, (ref v as x in t;) t, where v is already a value. Reducing the left
subterm introduces a local location ¢ in its elimination form, local ¢ in t;. If both subterms were
typed under the same observation filter, # would incorrectly propagate to the typing of ¢, requiring
general strengthening when ¢ is reclaimed before the reduction of ¢, which is impossible.
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Dynamic Term Typing [T|Z]?+rt:0
ceB x:T?7€T X €@
_ (T-CsT) (T-VAR)
[T]2]% + c:B? [T|2Z]? Fx:T™
[T |2]9®% ¢t :TY +éq
[T|Z]9 ¢+ it:TY ¢éq [T|2]? F tp:Ref [U]? [LC(h)np=2
(T-REF) (T-REFAT)
[T|2]% + reft: (Ref [T9])* [T|2]? v ref t; atty : (Ref [T9])P
[T |=]? F t:Ref [TP]4 [T2]% + t;:Ref [TP]T 4 ¢p
¢ép pCo LC(t)Np=2 [T |Z]%®1 v t,: TP [Lc(n)ng=o
(T-DEREF) (T-ASSGN)
[T|32]? rlt:TP [T|Z]? + t; ==ty : Unit?
[[, f:F,x:P|3]9 +t:Q [[, f:F,X*<:P|3]9f +t:Q
F=(f(x:P) > Q)7 qC¢ [Lc@t)ng=2 F=(NVf(X*<:P)Q)? qC¢ [LCt)ng=2
[T|2Z]? F Af(x).t: F [T|2]? v Af(X*).t:F
(T-ABS) (T-TABS)

[TIZ]? Fti: (f(x:TP) - Q) Q=U" [TI2]¢ Ft: (VA(X* <:TP).Q)T Q=U"

[TZ]7®% r : TP e ¢p fefv(U) pCe ¢ép fefv(U)
rCep,x,f LC(2)Ngr=0  LC(t)Nr=2 rcoep,x f LC(t)Np.r=2
[C12]? F tit2:Qlp/x.q/f] [T|Z]¢ v t[TP]: Q[TP/X*, q/f]
(T-APP) (T-TAPP)

[TI12]? F ty: (f(x:TP*) - Q)7 Q=U"
[[|2]98% + t,: TP sep=xgfv(U) [[|Z]?rt: (VF(X* <TP%).0)7 Q=U"

rCoep,x, f fetv(U) p<Co ¢ep=>x¢fv(U)
LC(t2)Nq.r=2 LC(t)N(pmq).r=2 rcepxf fefvU) [Lec@npmg).pr=o
[T [Z]? v tit2: Qlp/x.q/f] [T IX]? F ¢[TP]: Q[T?/X7, q/f]
(T-APP*) (T-TAPP?)
[T|=]?+t:Q TrQ<:TY [TIZ]? + 1t : TP ¢¢p x¢fv(Q)
qCep LC(t)Ng=0 [T, x:Ref [TP]*|Z]¥®0X 1.0
(T-suB) (T-REFIN)
[T|2]?rit:TY [T|X2]? Freftiasxinty : Q
2(60)=T? (eg +¢q [T|Z]?Ft:T9 t¢q
(T-LOC ) ( T-LOCIN )
[T]|=]? + (£,0): Ref [T9]¢ [T|Z]? F local £int:T4

Fig. 12. Term typing for program dynamics of {A}%. with store typing. The content marked in violet
are hidden and implicitly inferred for a static program with an empty store.

To address this, dynamic typing (Figure 12) distinguishes local locations (Figure 14)—locations
that will be reclaimed in the future. For example in rule (T-APP), typing of t, explicitly excludes the
local locations of #; in its observation filter, which is sound because those locations are guaranteed
to be reclaimed before ¢, reduces. Conversely, local locations of t, do not affect typing of t;, since
t; is already a value, according to the reduction order described by well-stepped terms (Figure 14).

Together, these mechanisms establish deallocation safety: scoped references and their store
locations are safely removed from observation filters at scope exit and are never reintroduced
during subsequent reduction, ensuring they remain unreachable downstream.
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Static Term Typing
ceB x:T?7€T X€EQ
_ (Ts-csT) (TS-VAR)
T?+c:B? T?+Fx:T*
I vFt:T? *$ép.q
r*vt:T9 ¢éq T? v tp:Ref [U]?
(TS-REF) (TS-REFAT)
T'? + reft: (Ref [T9])* T'? v ref t; at tp : (Ref [T9])P
['? v t:Ref [TP]1 I'? F t;:Ref [TP]Y
¢ép  pECye T+ t:TP  e¢gp
(TS-DEREF) (TS-ASSGN)
% v1t:TP T? v t; ==t : Unit?
(T, f:F,x:P)f rt:Q (T, f:F,X*<:P)%f pt:0Q
F=(f(x:P)—> Q)7 qCo F=(f(X*<P).Q)? qCo
(Ts-ABS) (TS-TABS)
I'? v+ Af(x).t:F I'? - Af(X*)t:F
T?¢Ft:(f(x:TP) > Q)9 T?Ft:(Vf(X* <:TP).Q)1
Q=U" T?rt,:T? #¢p Q=U" pCeo ¢¢p
fetvU) rcepxf fetv(U) rCepxf
(Ts-app) (Ts-TAPP)
I+ it Qlp/x.q/f] I v t[TP]: Q[TP/X*,q/f]
T% vty (fx: TP — Q) I? vt (VAX* < TP®9).Q)7
T’ +t,: TP eecp=x¢tv(U) pCo ¢ep=>x¢éfv(l)
Q=U" rcepuxf feftv(U) Q=U" rcexf fé¢fvU)
(Ts-app*) (Ts-Tarp*)
I v tity:Qlp/x.q/f] I v e[TP]: Q[TP/X* q/f]
T? Ft:Q T+t :TP ¢¢p x¢fv(Q)
I+ Q<:TH qC e (T, x:Ref [TP]*")?* + t,: Q
(Ts-suB) (TS-REFIN)
' vrt:T49 T? b reftiasxint, : Q
Fig. 13. Static term typing for programs in {A}%. with an empty store.

5.4 Formal Definitions and Invariants

After Section 5.3 presents the intuition behind deallocation reasoning, we now formalize the
definitions and invariants.

Figure 13 presents the static typing. Figure 14 defines the computation of local locations and the
notion of well-stepped terms (Figure 14), which constrain how local locations may appear during
reduction.

Dynamic Typing. Figure 12 defines the dynamic typing rules of {A}* -calculus, formalizing
the isolation principle described above: local locations of one subterm must not influence the
observations or qualifiers of unrelated subterms. Concretely, each typing rule subtracts the local
locations of sibling subterms from the observation filter.

For example, rule (T-APP) types ¢, under ¢ minus the local locations of #;, so that allocations and
deallocations within #; do not affect the typing of t,. Once t; is fully reduced to a value, its local
location set is empty by the constraints on well-stepped terms, and thus t, is typed with the original
. Since local locations are always excluded from the observation filter, deallocated locations are
never reintroduced.

Environment Update. Figure 15 formalizes environment evolution under reduction, refining the
well-formedness of A? -calculus. We introduce a meta-level variable x recording reclaimed locations,
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Local Locations and Qualifier Operations LC(t) € Pfin(Loc)

LC(local £int) := ¢£,LC(¢) LC(c), LC(x), LC((¢,0)) =2

LC(Af(x).t), LC(ref ), LC(! £), LC(Af(X™).t), LC(¢ [Q]) := LC()

LC(t; t3), LC(ref t; at t5), LC(#; :=t3), LC(ref t; as x in t3) := LC(#1), LC(t3)
qoet:=q\LC(¥)

Well-Stepped Terms
t wf thwf tbwf LC(t) =@ ty wf  t, wf valuet; VLC(t) =@
local £int wf ref t; as x in tp wf t tp wf
t wf twf twf LC(#) =@V value t, tpwf t, wf valuet; VLC(t) =0
ref t wf ref t; at tp wf t =ty wf
LC(t) =@ t wf t wf t wf
Af (x).t wf 1t wf unit wf (¢,0) wf x wf Af(X¥).t wf t [Q] wf

Fig. 14. The local location computation and well-stepped terms in {A}* -calculus.

Environment Update

0,k ~ X0 K

K € Psin(Loc) Already-Killed Locations
(EU-BASE) (EU-FRESH) (EU-KILL)
domf(Z) = dom¢(2) KNqg=09 t € domf(Z) € LC(t)
3,0,k ~p 30,k 3,0,k ~p (3, (£,0) : TY), (o, £),K 3,0,k ~ B, (0 \ £), (x, £)
Well-Formed and Well-Typed Stores ’ > ok H [TI2]?+Folx

[T|2]? Fo|k:= ¢ Cdomt(c) Cdomf(Z)ApNKk=TA
V¢ € k, Yo, (£,0) € dom(o), a(¢,0) = None A
V¢t € ¢, Yo, (£,0) € dom(o), Jv, 0(£,0) =v Ao wfA
VT,q, 2(£,0) =T9, qC ¢ = [T |Z]? + o(£,0) : Z(£,0)

Yok fv(T)=0 ftv(T)=92 qedomf(Z) o0>0=¢edomt(2)
@ ok >, (¢,0): T? 0k

Fig. 15. The environment invariants of the {A}* -calculus.

which is derivable from the store state. Unlike prior reachability type systems, which can arbitrarily
choose larger context filters for preservation, we strictly specify how observation filters evolve
with respect to the store and k. We distinguish three cases:

(1) (eu-rrEsH): Allocation of a fresh arena, either permanently or locally, grows the observation ¢.

(2) (ru-xirL): Deallocation of a local arena shrinks ¢ and extends k with the same location. Only
local locations captured by the pre-reduction term can be freed.

(3) (ru-BASE): Other reductions that do not change the observation ¢. Coallocation also falls into
this category.
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This is necessary because of the invariant for safe deallocation that the observation filter ¢
must remain disjoint from killed locations . Formalizing the environment update refines the proof
structure for deriving more complicated results; however, it introduces notable extra engineering
complexity compared with prior work, and we refer interested readers to our artifact for details.

Store Invariants. In Figure 15, the store invariants describe well-formed store typing, reachability
tracking, and deallocation. The well-formed store X ok captures the closedness of each cell in the
store typing: the type of each store object must be derivable from existing resources at the point it
is appended to X. Because the store is two-dimensional, it does not naturally follow the telescoping
structure as in prior reachability type systems [Deng et al. 2025a; Wei et al. 2024], resulting in a
weaker and more general store invariant.

The well-typed store judgment, [I' | £]¢ F o | , is the most critical invariant for type and store
safety. For a store o, the well-typed store requires: (1) the observation filter ¢ is closed and disjoint
from «; (2) locations in k are reclaimed; and (3) objects having locations in ¢ are typeable with the
types recorded in the store typing 3. Crucially, the disjointedness between x and ¢ guarantees that
well-typed terms cannot observe deallocated resources. We only require store locations in ¢ to
agree with the store typing X, as the remainder are either reclaimed or irrelevant to typing.

5.5 Metatheory

We establish syntactic type soundness for the {A}*.-calculus via progress and preservation theorems.
Our proof structure follows prior work [Deng et al. 2025a; Wei et al. 2024], with lemma statements
and definitions refined to account for deallocation reasoning.

5.5.1 Observability Properties. The observation is the key mechanism to reason about the resources
necessary to type a term. Reasoning about the separation between observation and killed locations
can implicitly guarantee the absence of killed locations in the term typing without exposing the «.
The following lemmas are proved by induction over the term typing.

LEMMA 5.3 (OBSERVABILITY). Term typing cannot assign qualifiers beyond observation, i.e., if
[T|2]? F t:T9 thenq C +¢.

Assigned qualifiers to well-typed values are lower bounds for observation in their typing.
LEMMA 5.4 (VALUES ARE NON-FRrEsH). If [T | 2]® + v:T9, then [T | 2]% + v : T9\*.

In the mechanized proof, we define an invertible value typing that inlines subtyping, eliminating
the need for handling subsumption induction cases. These lemmas are then proved by induction
on the invertible value typing.

5.5.2  Well-Stepped Terms. The well-stepped terms allow us to only reason about the terms reduced
from some statically well-typed terms. The following lemmas are independent of the typing
environment, so can be proved by induction over term reduction.

LEMMA 5.5 (WELL-STEPPED VALUES). Ifov wf, then LC(t) = @.
A well-stepped term always reduces to a well-stepped term under a well-formed store.

LEMMA 5.6 (WELL-STEPPING OF TERMS). Ift wf, and [@ | 2]? + o | k for some ¢, k, and
t|o—t'| o, thent’ wf.

Syntactically correct but semantically ill-formed terms are excluded by the well-stepped term
judgement, including the existence of scope eliminations in fully reduced values or not yet reduced
terms.
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5.5.3 Local Locations. The dynamic typing rules enforce the separation of the local locations of a
term and its qualifier. The lemma below is proved by induction over dynamic typing.

LEmMA 5.7 (NoN-EscapPING oF Locar Locations). If [T | X]? + t:TY9, thenLC(t) Nqg=2.

The combination of Theorem 5.7, Theorem 5.2, and Theorem 5.5 reasons about the safe kill. A
well-stepped term with local locations reduces to a value with empty local locations, and can be
retyped in a shrinking observation separate from its previous local locations before reduction.

5.5.4 Substitution. In the call-by-value reduction, substitutions required by f-reduction are only
considered for values containing no term variables, called top-level substitutions. The substitution
lemmas generally follow the proof tree of Deng et al. [2025a].

LEMMA 5.8 (SUBSTITUTION PRESERVES TRANSITIVE CLOSURES). If x : T9 € T, and p,q C
+domf(X), and p N e C q, and r=T’ C +@, then r0+I'0 C r=I'0, with substitution 0 = [p/x].

Proor. By transitively applying subtyping, commutativity between transitive closures and
substitutions, and monotonicity of qualifier substitution. In each iteration of transitive lookup on a
variable, the qualifier substitution afterwards produces a qualifier no smaller than the substitution
beforehand. O

LeEmMMA 5.9 (Tor-LEVEL SUBSTITUTION). If [x : T4LT | Z]? v t:Q,and [@ | Z]? + v : TP,
and p N +@, andq =p V q = +p N r, additionally LC(t) N p = @, then for the substitution 0 = [p/x],
[T |2]%° v tlo/x] : Q6.

Proor. By induction over the term typing of ¢.

Specially in the case (T-app*) and (T-TAPP*), applying the induction hypothesis requires (p@q)6 C
pO@q0 established from Theorem 5.8. In case (T-sUB), an analogous substitution lemma for subtyping
and qualifier subtyping is required.

The condition LC(t) N p = @ preserves that substitution cannot cause local locations escaping
from their defined scope. O

5.5.5 Main Soundness Result.

THEOREM 5.10 (PROGREsS). If [@ | Z]? + t:Q, and X ok, and t wf, then eithert is a value, or
for any store o and killed locations k where [@ | 2] ? + o | k, there exists a term t’ and store ¢’ such
thatt |oc > t' | o’.

Proor. By induction over the term typing [@ | Z]¢ F ¢ : Q. O

THEOREM 5.11 (PRESERVATION). If [@ | X]? + t:T9, andX ok, and t wf, andt | c — t' | o’ for
somet’ o', and [@ | 2]? + o | k for some k, then there exists ¥’ ¢’ k" such that 3, ¢,k ~; ¥/, ¢, K,
and [@ | ¥ + o' |, and [@ | 2] + ' : TUP/*] for p € dome(3 \ 2).

Proor. By induction over the typing [@ | 2] ? + t : T and subsequently induction over the
environment update =, ¢,k ~; ¥/, ¢, k"

For case (T-APP) with two sub-terms, the observation ¢ © t; is distinguished separately for
reduction of #; or t,:

1. In the left congruence case of reduction on t, t; has not been reduced yet. The observation
¢ © t; grows monotonically with the permanent allocation during the reduction of #;, but will not
reflect the shrinking because all killed locations are already within the local locations of #.

2. In the right congruence case of reduction on t;, t; has already been reduced to a value. By
Theorem 5.5, t; has no local locations, so the observation of ¢, becomes ¢. The growth of observation
by reduction on t, does not reflect on the typing of t; by Theorem 5.1.
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3. In the contraction case where t; and t, are both values, all the local locations have already
been killed by Theorem 5.5. The substitution Theorem 5.9 is applied twice for argument x and
self-reference f to establish the case.

Other cases with two sub-terms handle local locations similarly. The contraction case of scope
elimination local ¢ in v completes the proof by applying Theorem 5.2 to shrink the observation. O

All results are mechanized in Rocq; we refer readers to our artifact for details.

6 Case Studies

In this section, we demonstrate expressiveness through three case studies: relaxation of telescoping
structures enabling a general fixed-point combinator without cyclic references (Section 6.1); non-
lexical arenas for resource management (Section 6.2); and safe construction and reclamation of
cyclic store structures with multi-hop cycles (Section 6.3).

6.1 General Fixed-Point Combinator

A general fixed-point combinator is typically implemented by storing a function in a mutable
reference that refers to itself. Deng et al. [2025a] model this with cyclic references: the referent can
observe the reference itself, permitting self-cycles in the store topology.

Such cyclic references impose extra constraints. In particular, the reference’s outer qualifier must
remain fixed to avoid enlarging the referent’s reachability, which would violate telescoping well-
formedness. Consequently, Deng et al. [2025a] restrict deep substitution® of function arguments to
empty or singleton qualifiers, limiting expressiveness.

By contrast, our growable arenas with coarse-grained reachability permit recursive patterns
without cyclic references, avoiding this limitation:

val a = new Ref()

def fix[T] (f: (g: (T ->T)? -> (T ->T)9)) : (T ->T)2 ={
val ¢ = new Ref(x => x) at a // : Ref[(T -> T)?]°¢
c:=f((n : T)=> (!c)(n)) // argument : (T -> T)¢ <: (T ->T)?
Ic // (T ->T)°

}

Instead of allocating a fresh reference per recursive call, the function is stored in ¢, which is
coallocated within arena a. Since all objects in a share a common reachability identity, internal
self-references such as c are permitted without violating telescoping constraints. We implement the
fixed-point operator and a factorial example in the A* -calculus (with a trivial integer extension);
we refer readers to our artifact for details.

6.2 Callback Registration

In event-driven systems, callbacks enable asynchronous programming and flexible control flow.
While typically registered during initialization, callbacks may be invoked long after registration
and outside their defining scope. Delayed invocation requires callback resources to remain alive
until explicit deregistration. To achieve this, callbacks are stored in a non-lexical resource pool that
outlives their defining scope and is encapsulated by the registration closure to prevent misuse.

Non-lexical arenas with coarse-grained reachability satisfy these requirements. Handlers are
coallocated in a single arena captured by the registration closure, which remains opaque to users.
We sketch the callback registration API as follows:

val makeHandler = {

3See discussion in Section 6, Deng et al. [2025a]. Compared with rules (T-aPp) and (T-APP+) in Wei et al. [2024].
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val rp = new Ref(()) // non-lexical resource pool
(cb: Int => Unit) => {
val h = new Ref(cb) at rp // : Ref[(Int => Unit)]"
h // return handler
} // : ((cb: Int => Unit) => Ref[Int => Unit]"™)"
}
val f = (x: Int) => () // ¢ (Int => Unit)f
makeHandler(f) // : Ref[Int => Unit]MakeHandler

The arena rp is a shared pool for registered callbacks. Each call to makeHandler returns a handler
coallocated in rp and encapsulated by the closure. Crucially, callbacks are tracked via reachability
to makeHandler, and deallocating makeHandler reclaims all handlers in bulk.

6.3 Circular Store Structures

Reference counting is a popular memory management technique in which each object maintains a
count of active references pointing to it. When the count drops to zero, the object is automatically
reclaimed. Though simple and efficient in many cases, reference counting fails to reclaim objects
forming multi-hop cycles where none of the reference counts ever reaches zero.

Our system properly handles both the construction and safe deallocation of such cyclic structures:

{ // scope starts

val a = new Ref(()) scoped // : Ref[Unit]?

val f = (x : Int) == 7 // + (Int => Int)f <: (Int => Int)®

val cl, c2, c3 = new Ref(f) at a // : Ref[(Int => Int)3]:-

cl :=x=>{ (!'c2)(x) } // OK, Ref[(Int => Int)23]? <: Ref[(Int => Int)?]?
c2 :=x =>{ ('c3)(x) } // OK

c3 :=x = { (!'cl)(x) } // OK

} // deallocate {a, rl1, r2, r3}

The references c1, c2, and ¢3 form a transitive multi-hop cycle through the store. Because reacha-
bility is tracked at the arena level, the three references (c1, c2, and c3) coallocated with the proxy
reference (a) are grouped in a single reachability unit. The entire structure behaves as a circular
linked list and is treated as a whole under coarse-grained reachability tracking. At scope end, the
scoped reference a and its coallocated references are deallocated in bulk, avoiding the pitfalls of
reference counting while preserving timely and safe reclamation.

Circular patterns, where a reference must transitively reach previously allocated intermediaries,
break telescoping structures and lie beyond prior reachability type systems [Deng et al. 2025a; Wei
et al. 2024]. Our work addresses this challenge. Moreover, this design can generalize to doubly
linked lists, which can be implemented via Church encoded pairs [Wei et al. 2024] storing two
closures within each node.

7 Discussion and Limitations

Imprecision from Flow-Insensitivity. Our approach is type-based, meaning that reachability types
and our deallocation reasoning atop are flow-insensitive, which in general strikes a good balance
between precision and complexity like most type systems. Flow-insensitivity in our design arises
from two sources: (1) reachability qualifiers themselves, which over-approximate reachable re-
sources; and (2) deallocation reasoning based on the local locations over reduction (Section 5.3),
which does not introduce extra imprecision.

Although our deallocation reasoning is lightweight in annotation, it is less expressive than
flow-sensitive effect systems as informally described in Wei et al. [2024] and more generally by
Gordon [2021]. Specifically, deallocation is guaranteed only for scoped arenas and at scope exit,
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not for arbitrary arenas or in the middle of a scope. We regard flow-sensitive studies as parallel
work, including recent representative efforts by Deng et al. [2025b] and Jia et al. [2025a].

Garbage Collection. Our system focuses on impure high-level languages where the choice of
using garbage collection (GC) is common. We do not aim to remove GC entirely; instead, we provide
the additional benefits of timely guaranteed reclamation via selective stack discipline when desired.
This mechanism can ultimately apply to resources beyond reference cells, such as files or sockets.
Our language design is also open to having internal GC within an arena as a complementary option.

Completely eliminating GC would be possible but too restrictive because it forbids all non-
lexical arenas and escaping patterns. This is consistent with Rust’s use of reference counting:
although Rust’s ownership system does not rely on GC, adding reference counting allows additional
expressiveness such as sharing.

Type Inference and Empirical Implementation. Sound, expressive, and efficient type checking
and inference remain open challenges for reachability types. In particular, typing an escaped
term (Section 2.1, Section 3.2.3) is subject to the avoidance problem [Jia et al. 2025b]: a variable
mentioned in types becomes ill-scoped when its defining scope ends and thus needs replacement.
In this work and prior reachability type systems, such replacement requires explicit term-level
coercions (omitted for clarity), rather than a more natural way to upcast via subtyping. Improving
the subtyping and deriving typing algorithms are important but orthogonal to this work.

Data Structures. In this work, we have shown how to encode cyclic store structures with multi-
hop cycles, a key step towards supporting practical cyclic data structures. Similar goals have
appeared in related works: Xu et al. [2024] demonstrates that capturing types can model mutable,
cyclic object graphs via class extensions, though they stop at providing the full details of the class
extensions. We likewise leave a complete object encoding to future work.

8 Related Work

Regions/Arenas. Early forms of regions/arenas were explored under various names with explicit
management, but without static safety guarantees. Hanson [1990] introduced arenas for fast
allocation and deallocation by manually grouping objects by lifetime. Utting [1997] explored
a similar idea for ease of reasoning, called local stores. Gay and Aiken [1998] identified safety
limitations in these systems and introduced a mechanism that skips deallocation for any region
still referenced. Their runtime approach demonstrated performance advantages, especially for list
structures, despite incurring reference counting overhead. A follow-up study [Gay and Aiken 2001]
explored annotating structural information to mitigate the cost of reference counting.

Prominent examples of region-based systems include ML Kit [Tofte et al. 2001; Tofte and Talpin
1997] and Cyclone [Grossman et al. 2002]. Both enforce static safety but differ in languages and styles:
ML Kit targets on a functional language with implicit region management via a Hindley-Milner
style inference, while Cyclone adopts explicit regions in a low-level C-like language augmented
with existential types to encode closures. In this work, arenas require explicit allocation and scoping,
but unlike traditional explicit systems, regions keys or handles are not needed—existing references
suffice. This allows region polymorphism to be naturally expressed as function abstraction.

Beyond surface languages, MLKit [Tofte et al. 2001] and Cyclone [Grossman et al. 2002] share
foundational elements. Both rely on forms of effect (liveness) types for static guarantees, and
following the insight [Wadler and Thiemann 2003] that effects can be transposed as monads, both
can be embedded in a monadic region calculus [Fluet and Morrisett 2004]. While lexically scoped
lifetime have been noted as a limitation, both systems provide dynamically managed global regions
to compensate, although this sacrifices some of the performance and isolation benefits of regions.
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Further development in Cyclone [Fluet and Wang 2004; Hicks et al. 2004] introduced escaping
arenas that require additional capability management. These extensions were later formalized and
proven sound via linear regions [Fluet et al. 2006].

Region Logic. In assertion-based verification techniques, region logic [Banerjee et al. 2013] allows
users to declare and update ghost fields and variables of type “region”. Regions in their work store
objects, and have been refined to storing memory locations [Bao et al. 2015, 2018]. In our work, the
reachability qualifier of each arena serves a similar purpose: it provides an upper bound on the
locations that may store values belonging to the arena. We envision that our approach could be
leveraged to synthesize those statements (in region logic) through reachability qualifiers, thereby,
reducing annotation overhead in their frameworks. We leave a proper investigation as future work.

Linear Types, Ownership Types, and Their Region Variants. Beyond regions, other mechanisms for
static lifetime control exist in flow-sensitive forms. Linear type systems [Turner et al. 1995; Wadler
1990] require each variable to be used exactly once. While this prevents sharing, it streamlines
reasoning about lifetime and deallocation. Ownership types [Clarke et al. 2013, 1998; Noble et al.
1998] are often designed in object-oriented languages, where variants differ in their topological
restrictions and encapsulation disciplines. Rust [Klabnik and Nichols 2019] is a notable instance
with growing adoption, enforcing unique ownership and a single mutable access path throughout
execution. This model enables predictable memory deallocation. Meanwhile, such strict invariants
can pose challenges for users [Crichton et al. 2023] and complicate the safe construction of cyclic
data structures [Milano et al. 2022; Yanovski et al. 2021]. Proposals have been made for relaxing the
uniqueness requirements in Rust [Noble et al. 2022] and ownership types [Miller and Rudich 2007].

Efforts to integrate regions with linear or ownership types aim to support both flexible sharing and
non-lexical lifetime control. Linear regions [Fluet et al. 2006; Walker and Watkins 2001] track regions
and resources in unrestricted ways, whereas region capabilities are tracked linearly, required for
granting access and consumed by deallocation. Pony [Clebsch et al. 2017] employs implicit regions
for actor programming, decomposing fractional capabilities for fine-grained control. Verona’s
region system, Reggio [Arvidsson et al. 2023], combines ownership with explicit regions to ensure
isolation among threads in concurrent programming: each region can be managed by a configured
strategy, and each thread operates within a window of a single mutable region. These systems
generally require users to explicitly enter or focus on a region to obtain the necessary capabilities—a
hallmark of flow-sensitive reasoning. Milano et al. [2022] formalized these mechanisms as virtual
transformations and proposed an inference scheme to reduce the manual overhead.

Reachability Types. This work extends reachability types with new mechanisms for store man-
agement and scoping. Seeking to adapt separation logic [Reynolds 2002] to functional languages,
Bao et al. [2021] introduced reachability qualifiers, sets of variables annotated on types, to express
resource access patterns. Wei et al. [2024] refined this idea by incorporating one-step reachability
and freshness, yielding a more precise and dynamic model. Their polymorphic calculus F¥, tracks
resource sharing without enforcing global invariants, offering a flexible foundation for reasoning
about resources in higher-order settings. Graph IR [Bracevac et al. 2023] used reachability types to
optimize impure higher-order programs. We build upon this framework to develop our calculi.

The semantics of the monomorphic A* were analyzed via logical relations [Bao et al. 2025], and,
counterintuitively, proven terminating despite its extension with a higher-order store. This result
stems from the store’s adherence to the telescoping requirement (see Section 2.2), which further
motivated efforts to enable cycles in the store [Deng et al. 2025a]. Their A, allows self-cycles (see
Figure 2b) and thus non-terminating computation (e.g., fixed-point combinators), but imposes extra
constraints on application rules to do so. By contrast, our A%, allows similar patterns via intra-arena
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cycles without such constraints, although cycles require at least two cells. Deng et al. [2025a]
further proposed refinements to the reference model, which we incorporate in our design.

Reachability types are inherently flow-insensitive and thus cannot express linearity/uniqueness
in isolation. Flow-sensitive effect extensions have been discussed regarding this limitation [Bao
et al. 2021; Wei et al. 2024], including destructive effects for deallocation. These approaches would
require additional effect qualifiers and corresponding reasoning in typing judgements. Our {A}*,
in contrast, ensures scoped deallocation safety by parsing lifetime information directly from
reachability qualifiers. To support explicit, flow-sensitive deallocation (e.g., manually calling free),
a separate flow-sensitive effect extension would still be required.

With a similar design to reachability types, capturing types [Boruch-Gruszecki et al. 2023; Xu
et al. 2024] were initially proposed for effect safety in Scala [Odersky et al. 2021, 2022]. Their design
allows to work around the telescoping requirement (see Section 2.2) by employing a top qualifier
{cap}. Top qualifiers, however, similar to top types, offer little information in reasoning, as a resource
tracked as {cap} can potentially reach/capture anything.

9 Conclusion

In this work, we unified reachability types, arena-based resource management, and stack discipline.
We introduced the A* -calculus, which generalizes reachability reasoning to non-lexical shadow
arenas over a two-dimensional store model. By lifting reachability tracking from fine-grained to
coarse-grained, A*, relaxes the telescoping structures that limit cyclic store structures. Building
upon A* -calculus, the novel {A}* -calculus reestablishes selective stack discipline through scoped
allocation, enabling sound, bulk, and flow-insensitive deallocation reasoning. Both calculi were
formalized and proven type sound and memory safe in Rocq. This unified framework provides a
lightweight yet expressive foundation for safe resource management in higher-order languages,
reconciling first-class arenas and scoped lifetime control within a single type system.

Data Availability Statement
Rocq mechanizations can be found at https://github.com/tiarkrompf/reachability .
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